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Abstract 
The concepts of strongly vertex triangle regular graphs and strongly edge triangle regular 
graphs are introduced. An expression for the triangle number of a vertex in the composition of 
two graphs is obtained. It is proved that a self-complementary graph is strongly regular if and 
only if it is strongly edge triangle regular. Using these. we continue the analysis of a conjecture 
of Kotzig on self-complementary graphs. 
1. Introduction 
We consider only finite undirected graphs without loops or multiple edges. By 
G( p. q) we mean a graph G of order p and size q. The symbols V(G),E(G), d(u), N(u), 
E(u), G and (S) denote, respectively, the vertex set of G, the edge set, the degree of 
a vertex u, the set of vertices adjacent to U, the set of edges incident at U, the com- 
plement of G and the subgraph of G induced by S c V(G). Notations and definitions 
not specified here are from [4]. 
The number of triangles in G containing a vertex 11 is called the triangle number 
of u in G, denoted by t(u), and I will denote the triangle number of u in G. 
Triangle number t(e) of an edge is also defined in similar terms. An expression for 
t(u) + r(u) is given in [6]. In a graph G, two vertices (edges) are similar if there 
is an automorphism of G that maps one of these vertices (edges) onto the other. A 
graph is vertex-symmetric (edge-symmetric) if every pair of its vertices (edges) are 
similar. 
A graph G is self-complementary if G and G are isomorphic. A self-complementary 
graph will be of order 4k or 4k + 1 for some natural number /i and of diameter 2 or 
3. If it is regular, then its order is 4h- + 1 and diameter is 2. For a self-complementary 
graph G there exists isomorphism CJ : G + G, which are permutations of V(G), called 
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complementing permutations. The set of all complementing permutations of G is denoted 
by %‘(G). A vertex u in a self-complementary graph is called a fixed vertex if a(u) = u 
for some complementing permutation C. Ringel [8] and Sachs [9] independently proved 
the existence of exactly one fixed vertex associated with each CJ E Q?(G) when G is of 
odd order and non-existence otherwise. F(G) denotes the set of all fixed vertices in 
a self-complementary graph G and F(G) the set of all vertices with traiangle number 
k(k - 1) in a regular self-complementary graph of order 4k + 1. In [5], Kotzig has 
conjectured that F(G) = p(G) for a regular self-complementary graph. The conjec- 
ture holds trivially for the graph of order 5. Rao [7] characterised F(G), proved that 
F(G) cp(G) and disproved the conjecture for p = 9. We have characterised k(G) 
in [6]. 
In this paper, we introduce the concepts of vertex triangle regular, edge triangle reg- 
ular, strongly vertex triangle regular (s.v.t.r) and strongly edge triangle regular (s.e.t.r) 
graphs and obtain an expression for the triangle number of a vertex in the composition 
of two graphs. It is proved that a graph G is strongly regular if and only if both 
G and G are s.e.t.r and deduce (i) Lemma 4.3 of Rao in [7], (ii) the well-known 
relation (p - r - 1 )p = r(r - ;I - 1) connecting the parameters of strongly-regular 
graph [3] and that (iii) a self-complementary graph is strongly regular if and only 
if it is s.e.t.r. Finally, we discuss more about Kotzig’s conjecture on regular self- 
complementary graphs in continuation of our earlier work. 
2. Triangle number 
In [4], the composition G(H) of two graphs G and H is defined as the graph with 
V(G) x V(H) as vertex set and (UI,UI) and (uz,u~) are adjacent if either ui and ~2 
are adjacent in G or ui = ~2 and ~1 and 212 are adjacent in H. It is known [4] that 
G(H) and H(G) need not be isomorphic, G(H) is connected if and only if G is 
connected and G(H) is regular if and only if both G and H are so. Further, if G 
and H are vertex-symmetric (self-complementary) then G(H) is also vertex-symmetric 
(self-complementary) [7]. 
Remark. The composition G(H) can be obtained by replacing each vertex ui of G by 
a copy of H and each edge UiUj of G by all the possible edges between the copies of 
H corresponding to Ui and ui. 
Theorem 2.1. Let G(pl,ql) and H(p2,qz) be two graphs. Then the triangle number 
of any vertex (u,v) in G(H) is given by 
t(u,v) = t(v) + qzd(u) + pzd(u)d(v) + p;t(u). 
Proof. The triangles at (u,v) in G(H) are formed in the following ways only. 
(i) A triangle at v in H is also a triangle at (u, v) in G(H). The number of such 
triangles at (u, v) is t(v). 
B. R. Nair, A. Vtjayakumar I Discrete Mathematics 158 (1996) 201-209 203 
(ii) An edge in a copy of H corresponding to a neighbour of u in G forms a triangle 
at (u,v). The number of such triangles is qzd(u). 
(iii) Each edge of H at c forms a triangle in G(H) with each of the vertices in the 
copy of H that corresponds to a neighbour of u in G. This contributes pld(u)d(v) to 
t(u, 2.). 
(iv) Each triangle in G at u contributes ps triangles in G(H) at (u, v). The number 
of triangles so formed is pzt(u). 
Hence the expression for t(u,v). ??
Corollary 2.2. If there are tl triangles in G(pl, 41) and t2 triangles in H(pz,ql), then 
the number of triangles in G(H) is 
Plt2 + P$l + 2P2qlq2. 
Theorem 2.3. Let G and H be graphs of order p1 and ~2. The triangle number of 
an edge e in G(H) joining the vertices (u1,1;1) and (I.Q,L’~) is given by 
t(el ) + pzd(w ) if UI = u2,el = ~102 E E(H), 
t(e) = 
pzt(e2) + d(vI) + d(v2) zj’ul # u2,e2 = 24124 E E(G). 
The proof is on similar lines to that of Theorem 2.1. 
Definition. A graph G is vertex triangle regular if all of its vertices have the 
same triangle number and is strongly vertex triangle regular (s.v.t.r) if it is regular 
also. 
Fig. 1. A vertex triangle regular graph which is not s.v.t.r. 
Theorem 2.4. rf’ G and H are strongly vertex triangle regular graphs, then so 
is G(H). 
Proof. The vertices in a s.v.t.r. graph have same degree and same triangle number. 
Clearly, all vertices in G(H) also have the same degree - namely d(H)+d(G).p(H), 
&d by Theorem 2.1 same triangle number. 0 
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Definition. A graph G is edge triangle regular if all of its edges have the same triangle 
number and is strongly edge triangle regular (s.e.t.r) if it is regular also. 
Lemma 2.5. Evrry .strongly eclqe triumgk regulur gruph is strongly vertex triungk 
regulur. 
Proof. Let G be s.e.t.r., d(u) = r and t(e) = 1 for every vertex u and edge e. Then, 
t(u) = ; C&E(U) t(e) = $rt for every u E V(G). Thus, G is s.v.t.r. 0 
Fig. 2. A s.v.t.r. graph which is not s.e.t.r. 
Definition (Buckley and Harary [2], and Cameron [3]). A graph G is strongly regular 
with parameters p, r, 3, and ,U if it is of order p, regular of degree r, any two adjacent 
vertices have precisely i common neighbours and any two non-adjacent vertices have 
precisely ,D common neighbours. 
Lemma 2.6 (Cameron [3]). If G is strongly regulur with purameters p,r,l. and p, 
then C? is ulso strong@ regulur und the purumetrrs are p, p - r - 1, p - 2r + p - 2 
und p - 2r + 2. 
Theorem 2.7. A gruph G is strongly regulur ij’and only if both G und cf? ure strongly 
edcgr triungle regulur. 
Proof. Let G be a strongly regular path with parameters p,r, i and p. Then G is 
strongly regular with parameters p, p - r - 1, p - 2r -t p - 2 and p - 2r + /1. Hence, in 
G, d(u) = r and t(e) = i. for every vertex u and edge e, and in G’, d(u) = p - r - 1 
and t(e) = p - 2r + p - 2 for every vertex u and edge e. Thus, G and 6 are 
s.e.t.r. 
B. R. Nair, A. Vij~tyakumarl Discrete Mathunutics 158 (3996) 201-209 205 
Conversely, let G and G be s.e.t.r. and let d(u) = Y for every vertex u in G, 
t(e) = t for every edge in G and t(r) = i for every edge in G. Then in G, any two 
adjacent vertices have t common neighbours and any two non-adjacent vertices have 
2~ + i - p + 2 common neighbours. So G is strongly regular with parameters p. Y, t 
and 2r+i-p+2. 0 
Corollary 2.8 (Cameron [3]). If’ p,r, iL und p ure parameters of a strongly reyulur 
gruph, then 
(p - r - 1 )p = r(r - i, - I ). (2.1) 
Proof. For every vertex U, 
t(u) = i C t(e) = $ri, 
&E(U) 
and 
f(u) = ;(p -r - l)(p - 2r + ,U - 2). 
But we have [6, Corollary 2.51 
(2.2) 
(2.3) 
(2.4) 
Substituting for the L.H.S. of (2.4) from (2.2) and (2.3) we get (2.1). 0 
Theorem 2.9. A self-complementary graph is strongly edge triungle regular if and 
only if it is strongly regulur with parameters 4k + 1, 2k, k - 1 and k for some 
natural number k. 
Proof. Let G be a self-complementary graph. Then the equivalence of s.e.t.r. and 
strongly regular properties follows by Theorem 2.7, since G and G are isomorphic. 
In both cases, G is regular and hence p = 4k -t 1 and r = 2k for some natural 
number k. We have [6, Corollary 2.61 t(u) + i(u) = 2k(k - 1) for every vertex U. By 
Lemma 2.5 and isomorphism of G and G, t(u) = t(u) = k(k - 1). Hence, i. = k - 1 
by (2.2). Now p = k follows from (2.1). 
Corollary 2.10 (Rao [7]). If G is un edge-symmetric self-complementary graph, then 
G is strongly regular with parameters 4k + 1, 2k, k - 1 and k for some natural 
number k. 
Proof. Let G be an edge-symmetric self-complementary graph. Then G is s.e.t.r. and 
the result follows. 0 
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3. More about a conjecture of Kotzig 
Kotzig has conjectured that F(G) = p(G) for a regular self-complementary graph 
G of order p = 4k + 1, where 
F(G) = {U E V(G): a(u) = u for some CJ E V(G)} 
and 
p(G) = {u E V(G): t(u) = k(k - 1)). 
Rao [7] proved that F(G) = V(G) if and only if G is vertex-symmetric, F(G) C g(G) 
and gave counterexamples to disprove the equality. But in [6], we have observed that 
there is a fallacy in the construction of examples except for k = 2 (the corresponding 
graph is denoted by Gg). Consequently, the conjecture was open for regular self- 
complementary graph of order p = 4k + 1, k 23. In pursuance of this conjecture we 
have. 
Lemma 3.1. For a regular self-complementary graph G of order p = 4k + 1, 
F(G) = V(G) if and only if G is strongly vertex triangle regular. 
Proof. Let G be a s.v.t.r. self-complementary graph of order p = 4k + 1. Clearly, 
p(G) C V(G). Let u be a fixed vertex. Then t(u) = k(k - 1). Since G is s.v.t.r, 
t(v) = t(u) for any vertex v E V(G). So, t(v) = k(k - 1) and hence v E p(G). Con- 
versely, F(G) = V(G) implies that t(v) = k(k - 1) for every vertex v E V(G) and so 
G is s.v.t.r. 0 
So, s.v.t.r. self-complementary graphs, which are not vertex-symmetric, will give 
counterexamples to the conjecture. Rao’s graph Gs (Fig. 3) also turns out to be such 
a graph. We shall now construct such graphs of order 17 and 33 using the circulant 
graph. 
Fig. 3. 
B.R. Nub, A. Vqayakumarl Discrete Mathemutics 158 (1996) 201-209 207 
Fig. 4 
Fig. 5. 
Definition (Boesch [l], and Buckley and Hurary [2]). For a given positive integer p, 
let al, ~22,. . , un be integers such that 0 < al < u2 < . < a, < (p + 1)/2. Then 
the circulant graph C( p; al, ~2,. . . ,a,) is the graph on p vertices 0, 1,2,. . . , p - 1 with 
vertex i adjacent to each vertex i i aj (mod p). 
Construction of GIN. Take a single vertex 0, a copy of the circulant graph C(8; 1,4) 
with vertices labelled as 0, 1,2,. . ,7 and a copy of its complement C(8; 2,3) with 
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Fig. 6. 
vertices labelled as 0’, l’, 2’, . . . ,7’. Join each vertex i to 0, i’, i’ + 1, i’ + 2 and i’ + 3, 
addition being taken modulo 8 and i’ + j means (i + i)‘. The graph Gr7 (Fig. 4) so 
obtained is self-complementary, (0) (00’ 11’22’ . ‘77’) is a complementing permutation. 
From the diagram of Gr7~ its strong vertex triangle regularity is clear. But, from Fig. 5 
it follows that 0 and 0’ are non-similar vertices and hence Gr7 is not vertex-symmetric. 
Construction oj‘ G33. Take a single vertex 0, a copy of the circulant graph 
C( 16; 1,2,6,7) with vertices labelled as 0, 1,2,. . , 15 and a copy of its complement 
with vertices labelled as 0’, 1’,2’, . . ., 15’. Join each vertex i to i’, i’ + 1, i’ + 7,. . , 
(mod 16) and each i’ to 0. The resulting graph G33 is self-complementary under 
the complementing permutation (0) (00’11’22’ 1515’) and is s.v.t.r. But (N(0)) ?’ 
C( 16; 3,4,5,8) and (N(0)) is shown in Fig. 6. Hence, Gss is not vertex- 
symmetric. 
Thus by Theorem 2.4, the composition of Gg, Gt7 and G33 will give counterexam- 
ples of order p = 9”’ 17”:33”, where ~1, ~2,1’3 are non-negative integers, not all zero. 
Attempts to find counter examples for more values of p are in progress. 
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